Abstract. In this paper, the integral operator is used. We give a new Hilbert-type integral inequality, whose kernel is the homogeneous form with degree −λ and with three pairs of conjugate exponents and the best constant factor and its reverse form are also derived. It is shown that the results of this paper represent an extension as well as some improvements of the earlier results.
Introduction
If p > 1, (1.1)
x + y dxdy < π sin(π/p)
where the constant factor π sin(π/p) is the best possible.
Inequality (1.1) is named Hardy-Hilbert's integral inequality,which is important in analysis and applications. It has been studied and generalized in many directions by a number of people [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
Let (T f )(y) where f (x), w(x) ≥ 0 are measurable functions defined on (0, ∞).
is called a homogeneous function of −λ-degree. Then we have the formal inner as follows:
Define the integral operator T as:
where T is call Hilbert-type integral operator, if T is bounded. H(x, y) is call the kernel of T . The main objective of this paper is to build a new Hilbert-type integral inequality, whose Kernel is the homogeneous form degree −λ with three pairs of conjugate exponents and with the best constant factor. As applications,the equivalent forms and some particular results are given.
In the following, we always suppose that
Lemma and main results
Lemma. Define the weight functions:
where
Proof.
on the other hand, we have
K is defined by lemma, both constant factors, K and K p are the best possible and inequalities (2.1) and (2.2) are equivalent.
where both constant factors K and K p are the best possible and inequalities (2.3) and (2.4) are equivalent.
We prove only Theorem 2.2, since the proof of Theorem 2.1 is the similar.
Proof of Theorem 2.2 By
Hölder's inequality [22] and results of lemma we have,
If (2.5) takes the form of equality, then there exist constants M and N , such that they are not all zero and
Hence there exists a constant C, such that
Without loss of generality, suppose that M ̸ = 0, we my get x
Hence (2.6) takes a strict inequality and we have (2.3) .
If the constant factor K in (2.3) is not the best possible, then there exists a positive constant K (with K > K), such that (2.3) is still valid if we replace K by K. Setting f n and g n as; f n (x) = g n (x) = 0, for x ∈ (0, 1);
Setting x = y σ , then we obtain
In view of (2.6), we have n K < J n . Secondly, by Fatou lemma, one has
It follows that K ≤ K, which contradicts the fact that K < K. Hence the constant K in (2.3) is the best possible. For x > 0, n ∈ N, setting a bounded measurable function f n as
< x ≤ n; n ≥ n 0 ) by Hölder's inequality [22] , we have On the other hand, if inequality (2.4) holds, then by Hölder's inequality, we have
Hence by (2.4), we have (2.3), and inequalities (2.4) and (2.3) are equivalent. If the constant factor in (2.4) is not the best possible, by the inequality (T f, g) ≤ ∥T f ∥ p,w ∥g∥ q, w we may get a contradiction that the constant factor in (2.4) is not the best possible.
In the same way, (2.3) and (2.5) are equivalent and the constant factors are the best possible.
Remarks. The results of this paper include many other conclusions which have been published. For instance, in the following we suppose that the integrals in the right of the following inequalities converge to some positive numbers, 1) It is easy to see that for t = 0, l = r, p > 1, r = s = 2, λ = 4, H(x, y) = 1 (x+ay) 2 (x+ay) 2 , the inequality (2.1) reduces to [9] 
